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Abstract 
Determination of the penetration depth is of fundamental and practical importance to understand properties and 
microstructures of joints. In this work, the keyhole is idealized by a paraboloid of revolution in a semi-infinite 
workpiece subject to an incident flux of a Gaussian distribution. Introducing analytical solutions of three-dimensional 
analytical temperature field, the dimensionless penetration depth are analytically found to be functions of the 
dimensionless parameters governing beam power per unit penetration, depth and shape of the keyhole. The 
penetration depth can be simply predicted by asymptotically expressing the temperature field involving the sum of 
product of complicated Laguerre functions and confluent hypergeometric functions of the second kind. A significant 
difference in the penetration depth was predicted by a line-source solution and this study. 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of [CEIS 2011] 
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1. Introduction 
A use of analytical solutions to calculate temperature fields and penetration depth is valuable to 
understand and predict the process. The most widely used analytical model to predict thepenetration depth 
in high-power-density-beam welding was first presented by Rosenthal [1] using quasi-steady heat 
conduction equations subject to a line-source (and point-source for low-power-density beam) in welding 
and cutting to obtain temperature fields. To a first approximation, the deep and narrow cavity can be 
represented by a line. The line-source model therefore is referred to high-power-density welding including 
laser- or electron-beam.  
Swift-Hook and Gick [2] solved the same equation as Rosenthal's model by accounting for 
temperature-dependent thermal properties via a Kirchhoff transformation [3] , and extending the method 
of Christensen et al. [4] predicting the penetration depth for the point source. The width of the fusion 
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boundary as a function of dimensionless beam power and Peclet number was theoretically obtained for the 
first time. Asymptotic expressions for the penetration depth in low and high speed limits were also 
provided. The model agreed well with experimental results in electron- and laser-beam welding if the 
energy absorbed by the workpiece was known. A nail-head weld can be simulated by placing point- and 
line sources near the top and bottom of the melting region [5].
The line-source models in the pristine forms exhibit defects such as the occurrence of infinite 
temperatures near sources, ignorance's of the distribution of incident flux, convective effect, vertical heat 
transfer for the line source, and the balance of momentum. Hence, the prediction of microstructure has 
been neither possible nor reliable on that basis. More elaborate two-dimensional moving-cylinder models 
have been proposed by Tong and Giedt [6] and Miyazaki and Giedt [7] finding temperature fields for a 
circular and elliptical cylinders moving with a constant speed in an infinite plate, respectively. The former 
involved a modified Bessel's function while the latter includes Mathieu and modified Mathieu functions. 
The penetration depth therefore were determined. Giedt and Tallerico [8] further proposed a cone-shaped 
fusion zone, where the solid-liquid interface decreases width with depth. The moving line-source solution 
was applicable in any thin layer in the vertical direction. After integrating over the penetration depth the 
relationship between the dimensionless beam power and Peclet number was found to agree with 
experimental measurements in a wide range of different metals. It is interestingly found that the
penetration depth changes from cylindrical to an elongated ellipse with increasing welding speed. This 
confirms the assumptions of Tong and Giedt [6] and Miyazaki and Giedt [7].
Wei and Shian [9] provided a three-dimensional analytical temperature field around a cavity of a 
paraboloid of revolution produced by a high-power-density beam of a Gaussian distribution for the first 
time. The work avoids the above-mentioned defects of a line-source model. In view of the cavity the 
introduced image method cannot simulate accurately the effects of the adiabatic surfaces. Wei et al. [10]
therefore derived a new analytical solution by satisfying exactly the adiabatic condition at the top surface 
via introducing a new image method. 
In this study, three-dimensional analytical temperature fields in the molten and heat-affected regions 
surrounding a paraboloid of revolution-shaped cavity, provided by Wei and Shian  [9], and Wei et al. [10],
are used to predict the penetration depth. This work provides more accurate predictions of the penetration 
depth essentially required in the industrial and research fields. 
Nomenclature 
G Function, defined by Eq. (5)  
h cavity depth, h =  
) 
h / ) σ , h* =Pe Sh /2B
hT distance between top workpiece surface and x-y plane across the origin of coodinates 
k liquid thermal conductivity 
L p
m  Laguerre function 
Pe Peclet number =  U) σ /α
q incident heat flux 
Q dimensionless beam power =  
) 
Q / k) σ (Tm −T∞ )
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r dimensionless radial coordinate =   ) r / ) σ 
ro dimensionless cavity opening radius =  
) ro / ) σ 
2. System model and analysis 
2.1. Governing equations
A steady-state heat conduction equation becomes 
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Incident flux is balanced by heat conduction on the cavity wall
nnk •∇=• Tkq                                                            (2) 
where k and n are, respectively, unit vectors in the z direction and the direction normal to the cavity wall. 
The incident flux is a Gaussian distribution  
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where   ) σ  is the energy distribution parameter that defines the region in which 95 percent of the total heat 
is deposited. 
2.2. Temperature field
A general solution of Eq. (1) with boundary conditions (2)-(3), adiabatic surface condition, and finite 
temperature far from the cavity has been found by Wei et al. [10]. For a deep penetration << 1, the 
temperature distribution.
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where function G is defined as  
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The parabolic coordinates in Eqs. (4) and (5) are related to the Cartesian coordinate system by 
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where S is the effective convection coefficient in the z direction. It is defined   as  zα / α .
The relationships between the parabolic coordinate system and its imaged system in Eq. (4) are  
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where the dimensionless parameter governing the penetration depth of the cavity yields  
                   
4
2
0 hS
Pero
=η                                               (8) 
For a deep penetration η 0 <<1, Eq. (8) leads to hT . The parabolic coordinate of the cavity wall in Eqs. (4) and (8) is related to the dimensionless cavity depth by 
* *
≈ h
                                                                                         
4
2
0 hS
Pero
=η                                 (9) 
As shown in Fig. 2,  it can be seen that function G is positive and it becomes ∞  and 0 as 
approaches 0 and ∞ , respectively. The variation of function G is large as  and η ξ η  are close to 0.  
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Fig. 1. Function G( ηξ, ) as a function η  with (a) ξ  = , and (b) 10 410−
3. Results an discussion 
Comparisons of the fusion zone shapes predicted from the line-source model [2] and this work, and 
measured by Fuerschbach [11] are presented in Fig. 2. The prediction from this work is close to the line-
source solution in the range of low Peclet number. This is because heat transfer around the deep keyhole 
induced in low welding speed is primarily two dimensional on horizontal planes. The difference between 
the line-source model and this work increases with Peclet number. Three-dimensional heat transfer 
therefore becomes significant for shallow fusion zones. The dimensionless beam power per unit 
penetration for this work thus is higher than that of the line-source solution. This work agrees with 
experimental data for the fusion zone shapes of SS 304 and 1018 steel. Accuracy of this work can be 
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further confirmed, provided that the energy distribution parameter and the opening radius of the keyhole 
were measured. These factors, however, are absent in the line-source model. 
4. Conclusion 
The prediction from this work is close to the line-source solution in the range of low Peclet number. 
However the dimensionless beam power per unit penetration for this work thus is higher than that of 
the line-source solution at high Peclet number. Accuracy of this work can be further confirmed, 
provided that the energy distribution parameter and the opening radius of the keyhole were measured. 
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Fig. 2. Comparisons of dimensionless beam power per unit penetration  as function of Peclet number  between measurement (Ref. 
11) and predictions from line-source solution (Ref.2) and this work. 
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